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Abstract 

Whittaker  functions  and  E-functions  are  expanded  in  terms  of 
products  of  these  functions.     Also,  products  of  two  Whittaker  functions 
or  two  E-functions  are  expanded,   in  series  involving  these  functions. 
The  variable  is  the  same  in  all  terms  of  the   series  and  the  values 
of  the  parameters  differ  by  integers. 


1,       Introduction 

We  shall  prove  a  number  of  sum  foririlas  for  series  involving  MacPobert. 's 
E- function  and   its  special  case,  the  Whittaker  function,  tvhich  plsys  a  role  in 
the  theory  of  diffraction  by  a  paraboloid  of  revolution. 

The  expanig?ons  to  be  proved  are: 

(1)  Z     ^^^"^^^'^"^^"'"'     W,  ,  (x)W.  , 

r=0  '''  J  (l-a-b-2r),i  (b-a)         |  (1-a-b  •-2r)  ,i  (b'-a) 

111 
=  e         X  W  (x). 


(x) 


I  (1-a-b-b'),  ^  (b+b'-a) 


(2)       z  izi2!l£i4(^ii)i^:i£)  x'H,  ,  (X) 

r=C  ''*  ^  (1-a-b-b '-3r),  ^  (b+b'-a+r) 

111 

?  ^  ?  ®~  2 

-ex  W  (x)W  (x), 

^  (1-a-b),  ^  (b-a)         ^  d-a-b'),  ^(b'-a) 


(3)  g     (a,r)Wr    J  (^.i^ 

73d  ^-  1     I  (l-a-b-2r),  i  (b-a) 

111 

■ex  W  -  (x), 


^  (l-a-2b),  ^  (2b-a) 


(u)        ^  (ii)!(iiL)i(biii_  ,^  (,) 

r-C  ^'  ^  (l-a-2b-3r),  ^  (2b-a+r) 


111 
-ex  <  Wt  t  (x)  V     , 


2 


1^1  1  ' 

1     ^  (1-a-b),  I  (b-a) 


00     (-  i;r)(ajr)(b;r)      f  2 

(5)  L    — ^-in ~^W^  .  (x)^ 

r-C  ^'  ]     ^  (l-a-b-2r),  ^  (b-a) 


a+b-  i    i 
2  ^  x''    W  .  (2x), 


(J  -a-b),(b-a) 


-  2  - 


00     (-  ^  jr)(a+lir)(b5r) 

(6)  Z    ~ 71 ^^1  1  (^^1  1  (^) 

r»0  ^*  ^  (l-a-b-2r),  J  (b-a)         J  (-a-b-2r),  ^  (b-a-1) 


1 

2^^^^W  ,    (2x), 

(-a-b),(b-a-  ^) 


00     (^  jr)(a;r)(b;r)     ^ 

(7)  Zl P 2^    W  (2x) 

r^C  ^'  ^  (l-2a-2b-Ur),  ^  (2b-2a) 


-|(2a*2b-2)  -^ 


/ 


^  (1-a-b),  J  (b-a) 


and 


CO     (5.  jr)(a+ljr)(b;r)     , 

(8)  E    -^ FI 2^    W  (2x) 

r-O  ^^  ^  (-2a-2b-Ur),  ^  (2b-2a-l) 

-i(2a+2b)  -I 
-  2    ^  X   ^W^  T  (x)W  T  (x)    . 

^  (1-a-b),  J  (b-a)         I  (-a-b),  ^  (b-a-1) 

They  will  be  established  by  means  of  new  expansions  of  MacRobert's  E-functions  to 

be  proved  in  Sections  2  and  U,     For  the  definitions  and  properties  of  the  E-f\inctions, 

see  MacRobert    ^  ^  , 

In  Section  3  of  this  paper,  a  new  linear  relation  for  the  E-function  will  be 
established.  The  sum  of  an  infinite  series,  involving  generalized  hypergeornetric 
fimctions  of  argument  -1,  is  also  obtained. 

In  Section  5>  certj^in  relations  between  generalized  l^rpergeometric  functions 
of  argument  +1  and  +  w  wi.ll  be  obtained. 


The  following  formulas  are  required  in  the  proofs: 

.00 

(9) 

^0 


E(a,p::z)   =   VM  J     e"''  X^"^  (1  +  ^)"°  dX, 


-  3  - 
where  R(«)  >  0,    |amp  z|  <  n,    (see    [l] ,  p.   3ij8); 


+  100 

(10) 

C  II  J. 

"-ioo 


+  100 

w— =■  E(a,b+s:  :x)E(a',b'-s:  :x)d5 


(see    [2]). 


-1 


Other  formulas  required  are; 
(U)  J     e"^  t^^  E(a,p::t2)dt  -    r(a)r(p)r(a+Y)r(P+Y)^r(a+P+Y) 

•  F(a,Pia+p+rj  —), 

jf  R(z)  >  J  ,  R(a+Y)  >  0,  R(P+y)  >  0,    (see    [l] ,   p.   396,   ex.  113)  o     If  R(z)  >  ^  , 
R(a+Y+X)  >  0,  R(p+Y+^)  >  0,  R(a+Y+M-)  >  0,  R(p+Y+M-)  >  0  then 

(12)  J     e"^  t^^  E(a,3::t)E(X,ti::zt)dt  -    r(P)r('^)r(a+Y*X)r(P+Y+ti) 
0 

.  g         ^(a-^r)r(^x+r)^(a-^Y^^i^r)     ^  ^  ^ 

r«C  rir(°*P+Y*M-*r)  P(a+Y+X+|i.+r)       \  a+Y+X+ti+r 

(see    [l],  p.  397,   ex.  11?)} 

i  (a+p-1)   i  z 

(13)  E(G,p::z)   =    r(a)rO)   z  e'^    W  (z), 

^(l-a-^),^(p-a) 

(see    [l],  p.   351). 


-  h  - 

2,       Expansions  of  F-functions 

The  two   formulas  to  be  proved  here  are: 


(II.) 


?nd 


00  -2r 

Y2      — rz ^  E(a+r,b+r::x)  E(a+r,b'+r:  :x) 


r=0     rJpCa+r) 


r(^)r(b')     E(a,b.b.::x), 
r(b+b') 


^       (-l)^r(b+r)r(b'+r)       -2t  ^f         vv.o         ^ 
)         -i — - — L— i '-i—^ X        E(a+r,b+b '+2r:  :x) 

r^O         rir(b+b'+2r) 


r(a) 


E(a,b::x)   E(a,b'::x) 


To  prove   (lli),   substitute  for  each  E-function  on  the  left-hand   side   of   (Ui)   from 

(9)   and  change  the  order  of  integration  and  suitmation,  thus  finding 

00      00 
l.h.s.  of  (1),)  =    r(a)   J       j     e-^^*^^^  X^-V"^  dXdtx 


[(1.^)(1.^)J'       1^0 


(X+x}(m.+x) 


00  .00 


r(a)  J   j    e-(^*'^'x''-V'-^[l.^]"%W.. 


Here  put  X  =  tJi^  where  ^  is  a  new  variable  of  integration;  then 

,00  ,00 


l.h.s.  of  (111) 


r(a)     I  e 
^   '0 


-H(l+^)  ^b- 


1  b+b'-l  r:   ia(K)~l"^  .  ,^ 


Now  substitute  m-  "  yjtr 


and  change  the  order  of  integration  so  that  the  integral 


with  respect  to  ^  becomes  the  last,  then 


-  5  - 


.00 


.00 


l.h.s.  of  (I'a)  -   r^a) 


e-^X^^^'-Ml^r'dX 


.b-1 


(1^^) 


^fb" 


dK 


rMCl^E(a,b+b'::x)    ,     by  (9). 
P(b+b') 


To  prove    (15),   substitute  from   (lU)    for  the  E-function  on  the  left-hand   side  of 
(1$),  with  the  result  that 


l.h.s.  of   (IS') 


00        /     -  xT  -  00 

E  4f  --''  E 


-2s 


r=0 


s=0  slP  (a+r+s) 


•  F(a+r+E,b+r+s: sx)  E(a+r+s,b'+r+E: !x) . 


tore  take  p-r  as  the  parameter  of  suimnation  and,   after  some  rearrangement,  find 


l.h.s.   of  (15)  »  21 


00  -?p 

X      ^ 


pO     plp(a+p) 


E(a+p,b+p: :x)E(a+p,b  '+p: :x) 


.^i.(.p,  .(^(rPil)....  1.  . 


But  the  expression  between  the  brackets 
sum  therefore  reduces  to  the  first  term 

1-1 


vanishes  unless  p  •=  0,     The  outer 


r(a)>        E(a,b::x)E(a,b'::x), 


and  the  proof  of  (l5)  is  complete. 

The  formulas  (1),  (2),  (3),  (h)   can  be  deduced  from  (Ik)   and  (1$)  by  means 
of  (13)  with  b  -  b'  for  (3)  and  (U). 


-  6  - 

3,       Linear  relations  between  E-functions 

In  (lU),  write  b+s  for  b  and  b'-s  for  b'  and  integrate  both  sides  of  (lU) 
applying   (lO)   and  the  formula   (j)],  p.  193), 

+  ioo 

(16) 

'-ico 


+  ioo 

^  j     r(b-s)r(b-s)  .  2-(^*^'^  r(b*b'). 


thus  obtaining 

(17)  Yl      ^^^^ ^-^  E(2a+2r,2r+b+b'::2x)   »  i E(a,b+b':  tx) , 

r«0     rlP(a+r+  »-)  -/tT 

which  can  be  generalized  in  the  form 

(16)        Yl  1 — r  ^^^^     K(pjat  *  ^^'^^  V*  ^''•''^ 

r«C  rir(^  a^  +  r  +  ^) 

,   1 

°t~   ~?  1  X 

-  2    "IT   E(a^,a2,...,  ^  a^, ..  .jOptqjp^:  ^  ), 

where  t  =  1,  2,  3,    ...,  p,  and  p  >  1, 

It  may  be  noted  that  if  p  =  q  =  1  and  p,  «  a,  in  (18),  we  obtain  the  known 
expansion 

(19)  ^F^(a;2a-,2x)  -  e''  qF^(  J  a  +  ^  j  x^A), 

from  which  the  known  expansion  of  the  modified  Bessel  function  of  the  first  kind, 
namely 

(20)  1^(2)     "    -\    r(n*l)^     (^  z)"  e"''  iFi(n+  }  ,  2n+li2z), 

is  deduced. 

Again,  in  (l5),  write  b+s  for  b  and  b'-s  for  b'5  integrate  both  sides  of  (l5) 
with  respect  to  s,   applying   (10)  and  (16),   and  get 


-  7  - 

(21)  72       ^'"^^   ^^^^ E(a+r,b+b'+2r::x)  -  -iliilE(2a,b+b'::2x), 

which  can  be  generalized  in  the  form 

(22)  21,     sl^ E(pja^+2s,b+s:qip^+2s:  j  x) 

E(p;a^,2b:qjp. ::x). 


00   /  -,  \S  -2s 

r(?b) 


r' 


We  shall  now  sum  certain  infinite  series  of  generalized  hypergeometric 
functions  of  argument  -1,     For  this  purpose,  the  following  formulas  are  required 
{[h],  p.  19U)  : 

00    _  _^- 

(23)  J      X     P*^     E(pja^:qjPg;X)E(j^ip^:mi(r^:2X)dX 

0 

p-q     Vl^^     ^     .    r  ^      J^'^'    ■    f  ^  V^  "'V 

"  n*^  ^  z  ^       27       \\    sin(p  -a^)  n  V  JT     sin(a  -a^)n>-     z 

i^     t-1  *     ^         [  s«l  s     r      I 

M 

where  p  >  q+1,  />  m+1,  R(a  ^^)  >  0,  R(<ij.+Pt'%l^  >  0,  r  "  1,2,3, ...,pj  t  -  1,2, 
3,...,j^and    |arg  z|  <  n,     and 


.00 


r(x)fr  r(v^^ 


(2U)  I     x"         E(pjaj.:qiPg:Mx)dx  -  — — [i 

0  fr  r(Ps  -^) 

t-i 

where  R(X)  >  0,  R(a  -X)  >  0,  To  obtain  the  required  expansion,  multiply  both 
sides  of  (111)  by  x"  and  integrate  with  respect  to  x,  applying  (23)  and  (2U), 
thus  obtaining 


(25) 


-  8  - 


~       r(a-\-r)r(b-X-r)r(a^r)r(b'^r)r(>^*2r) 


rl    r(a-^r) 


F2(a+2r,a+r,b'+rjl+X-a+r,l+X-b+rj-l) 


^       r(X-a^r)r(b-a)r(2a-\)r(a^b'-X)r(a^r) 
r«0  rl    r(a+r) 


Fp(a+r,2a-X,a+b'fXjl+a-X-r,l+a-b5-l) 


^       r(a-b)r(X^r-b)r(a^b~X)r(b^b'-X)r(b^r) 


Z 

rO 


,F2(b+^,a+b-X,b+b'-X•,l+b-a,l+b-X-^J■^l) 


-1 


-  r(b)r(b')r(>^)r(a-x)r(b+b'-x)^r(b+b')v  , 

where  R(X)  >  0,  R(b+b'-X)  >  0,  R(2a-X)  >  0,  R(a+b-X)  >  0.     It  may  be  noted  that 
some  of  the  last  restrictions  can  be  removed  by  the  theory  of  analytical 
continuation. 

li.       Duplication  and  addition  formulas  for  the  E-functions 
The  four  formulas  to  be  proved  in  this  section  are: 


(26) 


-     '"2'''       -"''      -)E(a.r,b.r-.:4'  •     ^''Tt^)     E(2a.Pb:=2,). 


r-0  rir(a+r)r(b+r) 


r(2a)r(2b) 


which  may  be  considered  as  the  duplication  formula  for  the  E- function j 


(27) 


00         (  X-  jr)    ()ix)"  '*  p  -|       , 

y-      £ . . E  2a+2r,2b+2r:2x     =  ' 

7=0     r^r(a+  7 +r)r(b+  i +r)      L  J      n 


,2a+2b-2 


r(a)r(b) 


E(a,b::x)>  , 


9  - 


,     1       X       -2r 

(28)  Y~      E(a+r,b+r::x)E(a+l+r,b+r::x) 

r«0     rir(a+r)r(b+r) 


ri^l2lCM_E(2a*l,2b::2x), 
r(2a+l)r(2b) 


00       il  ;r)()4x)'^^ 

(29)  Yl      -^ 1 1 E(2a+2r+l,2b+2r::2x) 

r«0     rir(a+  ^  +r)r(b+  ^  +r) 


22a+2b-l 

■ E(a,b: :x)E(a+l,b: ;x) , 

n    r(a)r(b) 

To  prove   (26),   consider  the  series 


f     1         N       -2r 
00        (-  J  }   r)     X  ^1 

Y"      — — —    E(a+r,b+rs :x)E(a+r,b'+r:^x), 

r»0     rir(a+r)r(b+r) 


Now  substitute  from  (l5)  for  the  product  of  the  E-f unctions  and  get 

,1   X   -2r 
00   (-  *  jr)  X 

y      E(a+r,b+r:;x)E(a+r,b'+r:  :x) 

r-0  rir(a+r)p(b+r) 


r=0  rir(b+r)     s=0     p(b+b'+2r+2s) 


f  r(b^p)r(b'^p)  ,-2p(,x)P  E(a.p,b.bU2p::x)  -1-    ,FA'^^'*-^) 
p=C   p'.r(b+b'+p)  r(b)        b 

00     c   -iNPn/wi     \  ~2p     r(b+  TT  +o) 
y     (-l)T(b'^P)^^    JJ ^^E(a^p,b*b'-.2p::x) 

po  pir(b+b'+2p)       r(b+ 1) 


by  means  of  summing  by  Gauss'  theorem.  Thus 


-  10  - 


,1       ^       -2r 
00     (-  ^  jr)     X 

(a)  Y2    E(a+r,b+r::x)E(a+r,b'+r:!x) 

r=0  rir(a+r)r(b+r) 


"Yl  ■     '    ^    "-^ ^— E(a+p,b»+b+2p::x), 

p=o  pir(b+b'+2p)        r(b  +  ^) 

In  (A),  take  b'   =  b.     The  result  is 


,1       V       -2i 
00        (-  y  jr)     X 


/ 


? 


2 


y~      ■<  E(a+r,b+r::x) 

r=0     rir(a+r)r(b+r) 

,,f  ,      I  (:2i!(^0:!L_E(a.p,2b.2p::x) 

2^^  ^r(b+  |)    P=b        p^ 


,  Jl(£)I10b)_g(2a,2b::2x),       by  (21). 
r(2a)r(2b) 

Thus   (26)  is  proved.     In  (A)  interchange  a  and  b,   then  write    (a+1)   for  b'   and  so 
obtain  (28),     Tojrove   (27),   substitute  for  the  E-function  on  the  left-hand  side 
of  (2)4)  from  (26)  deriving 

l.h...  or  (27)  .  E    '^'^T'"'        ^  r(^a.Sr)r(2b.3r) 

r=0  rir(a+  J- +r)r(b+  ^ +r)      fCa+r)    f  (b+r) 

00  (-|js)x-^^  f  I2 

•  Y2.      \   E(a+r+s,b+r+s::x) 

s=0      p(a+r+s)  p(b+r+s) 

-2a+2b-2,     1 
00       2 


^l!llx-2piE(a*p,b.p::x)V    ,f.{^^'^'^'A       . 

r(b*p)       I  J        V^/^  -  p  y 


p-O     npCa+p) 


By  Gauss'    theorem,  this  ^F-i    can  be  summed  as  a  product  of  gjunma  functions  which 
includes    p(l-p)  in  the  denominator.     The  _F^  thus  vanishes  unless  p-O,     The 
outer  sum  therefore  reduces  to  the  first  term 


-  11  - 


22a+2b-2^    ^p(^)p^j^)l       Jg(a^b::x)^         , 


and  the  proof  of  (2?)  is   complete.     If  we   substitute   from  (28)   in  the  left-hand 
side  of  (29),   and  proceed  as  before,   formula  (29)   is   obtained. 

By  substituting  from   (13)  in  (26),    (28),    (2?),    (29)   respectively,   formulas 
(?),    (6),   (7)   and   (8)   are  obtained. 


5o       A  certain  kind  of  transformation  between  generalized  hypergeometric  functions 


of  arguments  +  «■  and  +  1 
Multiply  both  sides  of  ei 
and  integrate  with  respect  to  x,  applying   (11)  and   (12),  with  the  result  that 


Multiply  both  sides  of  equations   (II4),    (26),    (27),    (28)   and   (29)  by  e'^x"^-^ 


(30) 


00 


(a;b)(b?r)(b'}r) 


r=0         rl(a+b+b'+Y}r)  p(2a+b'+Y+r) 


3^2 


a+r,  b«+r,   a+b'+yj   1 
a+b+b'+Y+r,  2a+b '+Y+r 


r(a^r) 


r(2a+Y)r(a+b'+Y) 


(31) 


:32) 


00     (-  i  jr)(a}r)(b}r) 

r=0  rlp(a+2b+Y*r)r(b+2a+Y+r)       ^  ^ 


-    rr(a+b+Y)r(2a*2b+Y)1       2^1 


a+r,b+r,a+b+Y;  1 
a+?b+Y*r,b+2a+Y*"r 


2a,2bj  ^ 
2a+2b+Y 


l-i 


CD     (  X-  jr)(a;r)(b;r) 


r=0  rir(2a+2b+Y<-2r) 


r(a-^b-HY) 


2^1 


^a+2r,  2b+2rj  1/^ 
2a+2b+Y+2r 


r(a+2b+Y)r(b+2a+Y) 


3^2 


~a,b,a+b+Yjl 
a+2b+Y,  b+2a+Y 


-  12   - 


(33) 


00         (-  w  ;r)(a+ljr)(bjr) 


rO     ripC^a+b+Y^-l+r)  r(2b+a+Yfl+r) 


3^2 


a+l+r ,b+r, a+b+Y+l+r ;r 
2^+b+Y+l*r,2b+a+Y+l+r 


r  (a+b+Y^-l)  r  (2a+2b+Y+l) 


2^1 


■2a+l-,2b}l/2" 
2a+2b+Y+l 


and 


(3U) 


00       (»  jr)(a+ljr)(b;r) 

t:  ^ .F 

T'O     rir(2a+2b+Y+l+2r) 


2"1 


"2a+2r+l,2b+2rjl/2" 
2a+?b+Y+l+2r 


J2_(a+b+Y+l)_ 


P  ( 2a+b+r<-l )  r  ( 2b+a+Y+l ) 


3^2 


a+l,b,a+b+Y+l}  1~ 
2a+b+Y+l,2b+a+Y+l 
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